We theoretically analyze the second harmonic generation capacity of two-dimensional periodic metamaterials comprising sub-wavelength resonators strongly coupled to intersubband transitions in quantum wells (QWs) at mid-infrared frequencies. The metamaterial is designed to support a fundamental resonance at $30 THz and an orthogonally polarized resonance at the second harmonic frequency ($60 THz), while the asymmetric quantum well structure is designed to provide a large second order susceptibility. Upon continuous wave illumination at the fundamental frequency we observe second harmonic signals in both the forward and backward directions, with the forward efficiency being larger. We calculate the overall second harmonic conversion efficiency of the forward wave to be $1.3 Â 10 À2 W/W 2 -a remarkably large value, given the deep sub-wavelength dimensions of the QW structure (about 1/15th of the free space wavelength of 10 lm). The results shown in this Letter provide a strategy for designing easily fabricated sources across the entire infrared spectrum through proper choice of QW and resonator designs. V C 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4870072] Second harmonic (SH) generation is the process in which an electromagnetic wave at the fundamental frequency (FF) interacting with a nonlinear material leads to the generation of a wave with twice the frequency. SH generation is a powerful phenomenon with wide applicability and has been employed in the development of laser sources, 1-3 optical parametric amplifiers, 4,5 and imaging and microscopy. [6] [7] [8] [9] While the nonlinear optical properties of bulk crystals (e.g., barium borate, lithium niobate, and gallium arsenide) have been extensively investigated in the past, 10-12 more recent work has focused on the nonlinear properties of nanoscale systems such as quantum wells (QWs) and metallic nanostructures. In particular, quantum well systems supporting intersubband transitions (ISTs) have been shown to exhibit extremely large second and third order susceptibilities in the infrared region of the spectrum. [13] [14] [15] [16] Furthermore, it has been shown that the SH susceptibilities due to ISTs are generally one to two orders of magnitude larger than that of bulk GaAs, and can be controlled by an external modulating voltage. 17 Recent investigations have also focused on the intrinsic nonlinearity of metamaterials comprising arrays of metal nanostructures, [18] [19] [20] [21] along with the use of such metamaterials to enhance the SH generation process from a GaAs substrate. 22, 23 Thus, combining metamaterials with ISTs appears to be a promising strategy for the achievement of large nonlinearities as was recently suggested in Ref. 24 . Indeed, metamaterials have recently been used to enable the so-called strong coupling regime between light and ISTs, a regime where the energy transfer rate between ISTs and a sub-wavelength cavity mode becomes larger than the loss rates present in the system, as detailed in Refs. 25-28 and references therein. In this Letter, we investigate SH generation at mid-infrared frequencies from a strongly coupled system comprising a metamaterial array of sub-wavelength resonators coupled to ISTs in QWs. We show that the giant nonlinear susceptibilities of ISTs along with the metamaterial field enhancements leads to efficient generation of the SH signal. The metamaterial enhances the nonlinear process beyond what can be achieved with other coupling schemes. Due to the sub-wavelength thickness of our QW structure, we are not limited by phase matching conditions 29 as one would have for a conventional nonlinear crystal. Furthermore, our structure does not require a metallic ground plane, so the second harmonic signal can be collected from both forward and backward directions. The investigations performed in this Letter may pave the way for easily fabricated radiation sources in the midinfrared that do not require population inversion. Moreover, our results can be extended from near-to far-infrared by proper choice of QW material and resonator dimensions.
We first analyze the linear properties of the structure depicted in Fig. 1 , where the metamaterial is an array of subwavelength gold split ring resonators (SRRs) fabricated on top of a semiconductor heterostructure. The gold permittivity e Au is described using a Drude model 30 with plasma angular frequency of 2p Â 2060 Â 10 12 rad=s and damping rate of 2p Â 10:9 Â 10 12 1=s as done in Ref. 28 . The semiconductor heterostructure in Fig. 1 represent the Al .48 In .52 As barriers). Importantly, this QW structure supports ISTs at $28.1 THz and $57.7 THz. The overall thickness of the QW region is 656 nm (about k 0 =15, with k 0 ¼ 10 lm the free space wavelength). The heterostructure is fabricated on an InP substrate with e s given in Ref. 31 .
We model the ISTs in QWs as anisotropic Lorentzian dipolar oscillators, leading to a relative dielectric tensor e IST ¼ e txx þŷŷ ð Þþ e zẑẑ , with e t ¼ 11:08 and
where the first Lorentzian term models the optical transition at 28.1 THz (f z;12 ¼ 0:67, x 12 ¼ 2p Â 28:1 Â 10 12 rad=s, and c 12 ¼ 0:04x 12 ) and the second term models the transition at 57.7 THz (f z;13 ¼ 0:16, x 13 ¼ 2p Â 57:7 Â 10 12 rad=s, and c 13 ¼ 0:04x 13 ). [The monochromatic time harmonic convention exp Àixt ð Þ is implicitly assumed.] The parameters x ij are the IST angular frequencies corresponding to the energies between level i and level j of the IST, with level 1 being the ground state, 2c ij represent the IST damping rates, and f z;ij are proportional to the IST oscillator strengths (computed from the intersubband matrix elements and the carrier concentration as described in Ref. 32 ). Since the optical transitions only appear in theẑẑ component of the permittivity tensor e IST only light polarized along the z direction can interact with the ISTs. While the normally incident radiation has no z-polarized component, the near-fields of the SRR resonators contain substantial z-polarized fields that lead to the strong coupling regime. The metamaterial is essential for the generation of z-polarized fields under normal incidence. A metallic backplane, as is used in Refs. 24 and 33, is however not required for the occurrence of z-polarized near fields.
The metamaterial structure shown in Fig. 1 is designed to support two resonances: a y-polarized resonance at $30 THz that we refer to as the FF; and an x-polarized resonance at $60 THz that we refer to as second harmonic SH. The use of a doubly resonant metamaterial structure supporting resonances at both the FF and the SH has been shown to lead to enhanced SH generation with respect to the singly resonant one. 34, 35 For example, in Ref. 34 a 4.6-fold enhancement of the SH efficiency was observed when the metamaterial supported resonances at both the FF and SH.
The simulated normal incidence transmission spectra of our structure without QWs (obtained using FDTD Solutions, commercial finite-difference time-domain software by Lumerical Solutions, Inc.) are shown as black solid lines in Figs. 2(a) and 2(b). The metamaterial exhibits a resonance near 28.2 THz for y-polarized incident radiation and a second resonance near 61 THz for x-polarized incident radiation. These frequencies are very close to the IST resonances of 28.1 THz and 57.7 THz as shown in the inset in Fig. 2(b) . Upon inclusion of the QWs in the full-wave simulation, we observe a splitting of the resonances around both the FF and the SH [red dashed lines in Figs. 2(a) and 2(b)] due to strong coupling between the metamaterial and the ISTs. 28 Note that the splitting at the FF is larger than the splitting at the SH, which is expected since the IST resonance at 28.1 THz is stronger than the 57.7 THz resonance [inset in Fig. 2(b) ]. The two polariton frequencies, i.e., the frequencies corresponding to the two transmission dips, are at 26.7 and 30 THz for y-polarized incidence, and 56.7 and 63.4 THz for x-polarized incidence. We refer the reader to Ref. 28 and references therein for more details on the linear properties of strongly coupled structures.
We now consider the nonlinear properties of the structure shown in Fig. 1 . The ISTs in QWs are characterized by an anisotropic second order susceptibility tensor with the only non-zero element being v ð2Þ zzz . 15, 29 At the FF resonance, the quantum-mechanical expression for v ð2Þ zzz is 13 v ð2Þ zzz ¼ ÀN 
In Eq. (2), N ffi 6 Â 10 17 cm À3 is the doping concentration (averaged over the entire QW unit cell), e ¼ À1:6 Â 10 À19 C is the electron charge, h is the reduced Planck constant, and z ij are the dipole matrix lengths between level i and level j of the IST. For this doping level, we have z 12 ffi 1:7 nm, z 23 ffi 2 nm, and z 13 ffi 1:2 nm (from band structure calculations performed with NextNano3, commercial software by nextnano GmbH). Thus, Eq. (2) leads to v ð2Þ zzz ¼ 2:5 Â 10 À7 m=V, whose order of magnitude is in agreement with previous investigations. 13, 15, 36 This value for the second order susceptibility is very large when compared to other nonlinear crystals such as barium borate and lithium niobate, whose second order susceptibility is on the order of few to tens of pm/V. 10, 11 Such a large value for the susceptibility is required if efficient SH power is to be generated from our extremely thin structure. Note that the SH power cannot be increased by increasing the thickness of the QWs since the strong coupling is based on the near fields of the metamaterial.
Like the linear optical properties, the large second order susceptibility is accessed only through the z-polarized near fields of the metamaterial resonators, and the SH polarization is thus limited only to the z direction and is given by harmonic polarization on the FF electric field restores the symmetry and allows for good spatial overlap. We stress that without the metamaterial there would be no SH generation under normal incidence because of zero z-polarized fields.
We simulate the response of the structure (including the nonlinear susceptibility of the QW region) when illuminated with a normally incident, y-polarized, pulsed plane wave. The electric field of the Gaussian pulse is given by
where E 0 ¼ 3 Â 10 5 V=m (corresponding to a peak pump intensity of $12 kW/cm 2 ), t 0 ¼ 5 ps is the initial time delay at the plane wave location, s ¼ 1ps= 2 ffiffiffiffiffiffi ffi ln2 p À Á is proportional to the full-width at half maximum (FWHM) of the pulse envelope, and x ¼ 2pf , where f ¼ 30:25 THz is the center frequency of the source. We can consider the pump to be a quasi continuous wave because of the large number of optical cycles sf ffi 20 within each pulse. The transmitted pulse waveform is then Fourier transformed to obtain its spectral properties.
We show in Fig. 3 the spectra of the x and y components of the electric and magnetic fields of the transmitted plane wave pulse (similar plots can be obtained also for the reflected pulse). The obtained magnetic fields are related to the electric fields through the wave impedance and consistent with plane wave behavior. The Poynting vector is estimated
where an asterisk indicates the complex conjugate operation, and þ (-) refers to the backward (forward) direction. It is evident from Fig. 3 that the transmitted pulse is y-polarized at the FF and x-polarized at the SH. Thus, the FF and SH signals are decoupled in far field and their electric fields are aligned along y and x, respectively. Also, the FF pump pulse is a transform-limited pulse with a FWHM of $1.45% of the center frequency and the SH pulse shows a FWHM of $1% of its center frequency. FIG. 2. (a) and (b) Transmission spectra from full-wave simulation for the structure in Fig. 1 under (a) y-polarized and (b) x-polarized normal plane wave illumination with and without QWs. In (b), the inset shows the real and imaginary parts of the permittivity in Eq.
(1). (c) and (d) Real part of the phasor of the z-polarized electric field in the x-y plane at the top of the QW layer excited by (c) y-polarized and (d) xpolarized waves, at $30 and $60 THz, respectively. (e) Magnitude of the zpolarized electric field in the y-z plane within the QWs at the x cut located in the middle of the SRR gap excited by a y-polarized wave at $30 THz. We recall that there is no z-polarized electric field without the metamaterial. We then estimate the SH conversion efficiency (in W/W 2 ) defined as
where P FF ¼ I FF A is the power at the FF, I FF is the intensity (the magnitude of the real part of S) of the input plane wave at the FF, A ¼ ab is the metamaterial unit cell area, and P t;r SH ¼ I t;r SH A is the power at the SH. The superscripts t and r indicate the forward (i.e., transmitted) and backward (i.e., reflected) directions.
Under the assumption of an undepleted pump at the FF, we keep the intensity of the y-polarized input wave fixed at 12 kW=cm 2 and calculate the efficiency as a function of the input pulse central frequency [see Fig. 4(a) ]. We observe that g SH peaks at 30.25 THz and reaches the value of about 1.3 Â 10 À2 W/W 2 in the forward direction and of about 5 Â 10 À3 W=W 2 in the backward direction. This is a remarkable result given the deep sub-wavelength extent of the QW structure (about 1/15th of the free space wavelength of 10 lm). If we used a barium borate nonlinear crystal with a refractive index of 1.6 (assuming perfect phase matching), v 2 ð Þ ¼ 4 pm=V, the same thickness as the QW region, and the same excitation conditions, we would obtain g SH % 8:5 Â 10 À11 W=W 2 , about eight orders of magnitude smaller than the result shown in Fig. 4(a) . Furthermore, we report in Fig. 4(b) the intensity at the SH, I SH , as a function of the intensity at the FF, for both the backward and forward pulses when the input pulse frequency is centered at 30.25 THz. A quadratic dependence of the SH intensity on the input intensity 29 is obtained (i.e., I t;r SH / I 2 FF ). Moreover, the small ratio I SH =I FF % 3 Â 10 À6 for the largest pump intensity considered in Fig. 4(b) confirms the assumption of undepleted pump.
In conclusion, we have analyzed the SH generation properties of a metamaterial strongly coupled to ISTs in QWs. We find that we can achieve a SH generation conversion efficiency up to $1.3 Â 10 À2 W/W 2 for the forward wave from this deep sub-wavelength QW structure due to the large v ð2Þ zzz and the enhanced electric fields of the resonating metamaterial. Further optimization of the metamaterial geometry and the QW region may lead to larger SH conversion efficiency. Since this structure contains no ground plane we are able to collect second harmonic signal from both forward and backward directions, with a larger g SH in the forward direction. We anticipate that these structures can be used to produce easily fabricated radiation sources at mid-infrared frequencies that do not require population inversion or waveguiding. 4. (a) Conversion efficiency g SH as a function of input pulse center frequency for forward and backward directions for the structure shown in Fig. 1 . The peak of the pulsed input intensity is 12 kW=cm 2 . (b) Intensity at the SH I SH as a function of pump intensity for forward and backward directions when the input pulse is centered at 30.25 THz.
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